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Abstract 

The effective action of string theory in three dimensions is investigated, incorporating the Lorentz 
and gauge Chern-Simons terms in the definition of the Kalb-Ramond axion field strength. Since in 
three dimensions any three-form is trivial, the action can be reformulated by properly integrating 
the axion out. The circumstances under which it can be recast in form of topologically massive 
gravity coupled to a topologically massive gauge theory are pointed out. Finally, the strong coupling 
limit of the resulting action is inspected, with the focus on the roles played by the axion and dilaton 
fields. 
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The construction of a consistent quantum theory of gravity, and its merger with the theories of 
other interactions in Nature, has remained an outstanding problem of modern physics for a long 
time. The only candidate to lay a claim to achieving such a unification so far is string theory. Its 
development as a theory formulated in curved target manifolds in recent years has provided us with 
new insights in the structure of gravity. String theory can be consistently formulated in a variety 
of target space dimensions. Although we know that Nature picks the number of dimensions of the 
space-time to be four, the theories in dimensions other than four are also useful, because they provide 
us with a theoretical laboratory to study string theory and gravity, in the absence of an adequate 
experimental one. Here some aspects of the background field formulation of three-dimensional 
(3D) string theory will be addressed. Motivation for the study of a 3D model comes from several 
directions. It is well known U that such a model can be obtained from 10D superstring theory 
by dimensional reduction. Hence its properties might bear on the structure of higher-dimensional 
theories too. Furthermore, it can also be realized as a factor of a consistent direct product string 
theory, where the other factor is some internal conformal field theory. The very simple mathematical 
structure of 3D gravity, when compared to higher-dimensional formulations, renders it a convenient 
toy-model to investigate certain properties of gravity, elusive in more complicated cases. This is 
well illustrated by a rapidly growing interest in various guises of 3D theories of gravity in the past 
decade or so [3-jl5|. 

The purpose of this letter is to investigate the relationship between 0(a') 3D string theory 
and the topologically massive gravity (TMG) of Deser, Jackiw and Templeton f2|. Specifically, I 
will show that a TMG look-alike represents a special sector of 3D string theory, when the dilaton 



field is constant. A related argument was offered by Nishino and Nishino and Gates [jnj, but in 
their construction it was necessary to resort to a dual formulation of the Kalb-Ramond axion in 
10D superstring theory and then dimensionally reduce the model down to 3D. I will show here 
that it is possible to establish such a relationship within the 3D theory itself, without resorting to 
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higher dimensions and dimensional reduction. It will be essential for the argument to note that in 
three dimensions, the Kalb-Ramond field, being a three-form, has no dynamics, and is basically a 
constant topological condensate, proportional to the volume element. The implementation of this 
observation at the level of the action, with the help of a Lagrange multiplier method analogous to 
that of the standard duality transformations in higher dimensions, establishes the above mentioned 
relationship. In the end, both gravitational and gauge fields become topologically massive. I will 
analyze certain properties of the resulting action, focusing on the role the axion and dilaton fields 
play in giving rise to the gravity and gauge topological mass terms. These conspire in the model in a 
special way, resulting in the axion condensate giving rise to the explicit topological mass terms, and 
the dilaton v.e.v. manifestly breaking conformal invariance. The analysis indicates that in the limit 
of strong string coupling < <fr >^ oo, the conformal symmetry can be restored, and the theory 
returns to the symmetric phase, described to the lowest order as a direct sum of Chern-Simons 
gravity and a Chern-Simons gauge theory. This, in light of the results of ||, can be understood as 
the 50(3,2) x G Chern-Simons gauge theory. 

The starting point of the investigation to be carried out here is the world-sheet action for 
the background field formulation of 3D string theory. For simplicity's sake, I choose to work in 
Planck units, setting k 2 = 1, on the tangent space spanned by the dreibein |e a |. Forms will be 
represented with bold-face symbols, whereas all other objects are tensor components. The wedge 
symbols are suppressed for simplicity, and are asumed whenever a product of two forms is written. 
The conventions are a A (3 = Alt(a (g) (3). To order O(a'), the terms containing effectively up 
to three derivatives are given by 

S = - ~ J e-*{e abc e a R bc + *d<t> - 2H *H + jTrF *F + ^l €abc e a e b e c } (1) 



The normalization conventions are adopted from ^uj . The gauge field strength of the 1-form gauge 
potential A is F = dA + A 2 , H = dB + (a'/16) (p L - Q Y m) is the field strength associated with 
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the Kalb-Ramond 2-form field B and the 0-form <fr is the dilaton field. The Chern-Simons forms 
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Q L = Tr(uduj + -uj 3 ) 



fl YM = Tr (Ac/A +^ A 3 ) (2) 

appear in the definition of the axion field strength due to the Green-Schwarz anomaly cancellation 
mechanism, and can be understood as a model-independent residue after dimensional reduction 
from ten-dimensional superstring theory. The gauge group generators X A are normalized according 
to TrX A X B = —25 AB . The dilaton self-interaction potential A($) has been included keeping 
in mind the possibility that it may arise from non-perturbative effects, as well as in the presence 
of the stringy cosmological constant. Generically, A($) = Ao + , with Ao being the 

cosmological constant which may arise as the difference of the internal theory central charge and 
the total central charge for a conformally invariant theory, and being the dilaton self- 



interaction of non-perturbative origin [|Tj|. Other terms will be ignored, since they can be viewed 
as the corrections to the dynamics described by ([!]). Moreover, some of these will vanish identically 
in three dimensions (e.g. Gauss-Bonnet), some can be reduced to the others, and some removed 
altogether with the help of field redefinitions. 

An indication that there exists a connection between the theory described by ([!]) and TMG can 
be obtained by inspecting the equations of motion derived from (|l|). They are 

- £v.( e -* N .*y) = .-(JWV - \r,^ - a - TrFJTf + a - TrF 2 

+A(^) Vab - -r/ a6 (V$) 2 - V a V 6 $ + 7/ a6 V 2 $) 
e-*{d*d$ -^d®*d® + i(e afec e a R bc - 2H *H + jTrF *F (3) 

+i(A(«) - ^)e^eV)} = 

De'* *F + ~e~* *H F = DF = de~* *H = dH = 

2 
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The operator D above represents the gauge- covariant exterior derivative DZ = dZ + [A, Z] , and the 
operator V a is the standard covariant derivative. Note that the equation representing the Bianchi 
identity for the Kalb-Ramond field can be omitted. In four- and higher-dimensional theories, this 
identity, the result of the map of H by exterior derivative d, reads dH = (a' / '16) ^TVR 2 — TrF 2 ). 
However, in 3D both sides of this equation, being four-forms, are identically zero, and so the equation 
dH = is satisfied vacuously. This is a very important detail for establishing the connection between 
([!]) and TMG. As a consequence, H abc = f^abc where / is a function to be determined such that 
the Euler-Lagrange equation for H is solved. This yields / = Qexp(<&), where Q is a constant. 
In three dimensions R abc d = RacVbd - RadVbc + RbdVac - RbcVad + (R/2)(r) ad T] bc - r] ac Vbd) , and so, 
using H a b c = Qexp($)e a fe c one finds that V c (e~® H de ( a R c b) de ^) = 2QC ab , where C ab is the Cotton 
tensor. The equations of motion (3) can be rewritten as 

e^Gab-^QCab = e-*(^- V abTrF 2 -^TrF ac F b c 

+ (A(*) - Q 2 e 2 *) V ab ~ t^(V$) 2 - V a V 6 $ + ruV 2 $) 

e-*{d*d*-id**d* + ^(e abc e a R bc + jTrF*F (4) 

+ ^(QVnA($)-^)e at /eV)}=0 
Lie"* *F - 2Q F = DF = 

Obviously, if $ = const., and the dilaton equation of motion is ignored, the remaining equations 
are precisely those of topologically massive gravity coupled to a topologically massive gauge theory 
(in presence of a cosmological constant). That such a special case is indeed possible can be seen 
from the dilaton equation of motion. Namely, in the case when the total dilaton self-interaction 
potential V A ($) (including all the terms in the second of equations (4) except the dilaton kinetic 
terms) has a minimum, the dilaton decouples. This is precisely the situation encountered in p3f . 



where the contributions to the dilaton self-interaction arise from the cosmological constant and the 
axion. As a corollary, gauge field perturbations around the 3D stringy black hole background are 



topologically massive. 

The natural question to ask next is what is the action from which one can derive the dynamics 
described by (4), and how is it related to ([[]). To answer this it is best to resort to dualizing the 
Kalb-Ramond axion directly in the action. Before one proceeds in this direction, it is instructive 
to recall how this is performed in the more common case of four dimensions. There, (disregarding 
the dilaton without the loss of generality), the action for the the Kalb-Ramond axion is 

S KR = J H*H (5) 

The equations of motion are dH = (a' / 16) (TrU 2 — TrF 2 ) and d*H = 0. The first equation is 
the Bianchi identity, derived from the definition of the field strength form, and the second is the 
Euler-Lagrange equation, obtained from varying the action. The Euler-Lagrange equation is solved 
trivially by setting H = *dh, and the Bianchi identity translates into a non-homogeneous Klein- 
Gordon equation for b: d*dh = (a' / 16) (TrU 2 — TrF 2 ) . This is typically implemented at the 
level of the action as follows: one first takes the vector field V = *H, and recalling that for a 
p-form in a D-dimensional Minkowski space **a p = —( — l) p ( D ~ p ^a p , rewrites the Bianchi identity as 
d*V = (a'/16)(TrR 2 - TrF 2 ) . Then the action is 

S KR = y|_V*V + 2b(d*V-^(TrR 2 -TrF 2 ))} (6) 

The (pseudoscalar) field b plays role of the Lagrange multiplier to enforce the Bianchi identity. 
However, one can then partially integrate the b<i*V term, dropping the (classically irrelevant) 
boundary term, and treat V as the Lagrange multiplier. Integrating it out yields the standard 
pseudoscalar axion action 

S KR = J (db*db - jh(TrR 2 - TrF 2 )) (7) 

It is not difficult to show that the above method can be replaced with the following procedure, 
which is classically completely equivalent. It can be dubbed the "first order formulation" for the 
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axion field. Namely, instead of looking at the action (|5]), one can look at the formally extended 
action 

s KR = J {h*h - 2v(h - dB - ^(n L - n YM ))} (8) 

where the definition of H as a field strength associated with B is implemented with the help of a 
1-form Lagrange multiplier V. In this setting, all three variables H, B and V are independent. 
The Euler-Lagrange equation for B then tells that the "connection" V has vanishing curvature, 
dV = 0, and hence is a "pure gauge", V = db. Then the field strength H can be treated equally 
well as a Lagrange multiplier and integrated out, leaving precisely the action (H), up to a boundary 
term. Hence the two methods are completely equivalent in four and more dimensions. 

In three dimensions, the first method actually is meaningless, because the Bianchi constraint 
on H is satisfied vacuously, being identically zero for all cases. Therefore the dualization should be 
performed along the lines of the second method. As one is interested here in the theory described 
by fll]), the dilaton dependence will be restored. The axion part of the action ([!]) is 

Skr = J e *H*H (9) 

The Bianchi identity for H can now be ignored, because it contains no information about it. Imple- 
menting the definition of H as a constraint, along the lines of the procedure described in relation 
to (§), gives 

Skr = j{e-*H*H + 2Q(H-cffi-^(ft L -fW))} (10) 

where Q is now a 0-form, since the manifold in question is three-dimensional. The classical equations 
of motion associated with the degrees of freedom B, H and Q are, respectively, 

dQ = 

*H = -e*Q (11) 
H = dB + ^{n L -Q YM ) 
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Thus, Q is constant (hereafter denoted Q), and QdB is a boundary term, which can be dropped 
from ([TP]) • T ne fi e ld strength can be integrated out from the action, and the final result is that in 
the dual form the axion action is 

Skr = J (^e abc e a e b e c - jQ(£l L - n YM )) (12) 

The original 3D stringy action ([!]) can be rewritten as 

S = - i J {e-* ( e a6c e a R bc + d$ *dd> + jTrF *F 

+ ^p-e abc e a e b e c - ^! e 2 *e abc eVe c ) + ^-Q(n L - Q YM )} (13) 



In general, due to the dilaton dynamics, the action (|H|) does not have the form of topologically 
massive gravity coupled to a topologically massive gauge theory. However, if exp (— <&) ^ 0, by a 
conformal rescaling one can rewrite it ]T9|] , so that either the gravitational or gauge sector appear 
canonical, but not both, for the corresponding kinetic terms have different conformal weights. Only 
when the total dilaton self-interaction potential V(<&) (all the terms in the action (|T^) except the 
dilaton kinetic terms) has a minimum and the dilaton decouples, the action (|13"D resembles the 
canonical form of topologically massive gravity coupled to a topologically massive gauge theory. 
The resemblance falls short of identity, though, as the Ricci scalar enters the action (|13D with 
the sign opposite to that of TMG. Therefore, following 0], one has to conclude that the massive 
gravitational excitations are ghost-like, with the mass ~ Mp. 

The topological mass terms arise due to the presence of the Chern-Simons couplings to the axion, 
and the dynamical triviality of the axion in three dimensions, where it can only be a topological 
condensate proportional to the volume form. The numerical value of the condensate Q is constrained 
by requiring that the partition function of ([13]) is gauge invariant. The inspection of the Chern- 
Simons sector of the action then discloses that there occurs a dual quantization of Q, if the theory 
is to remain gauge invariant under large gauge transformations, too. 
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The mass terms can be viewed as a product of the breakdown of the B-field gauge invariance. 
That there is a possiblity to study yet another symmetry breaking in 3D string theory can be 
glimpsed at by looking at the role played by the dilaton. The action above is independent of the 
constant background value of the dilaton, which then can be shifted, $ — > $ + $o- Here, $o can 
be understood as the v.e.v. of the quantum dilaton field, and $ as a fluctuation around it. In the 
limit when $ — < $ >~ > 00 ? which corresponds to the strong coupling regime of string theory 
(and represents a consistent classical solution when there is a cancellation of the divergent axion 
contribution Q 2 exp(2$), implying A($) = Q 2 exp(2$) with lini0 o _ +oo exp(-<J> M$o) ~~ > °> 

as can be easily verified from (4)), the action ( |13|) reduces to the lowest order to 

s K r = -jQ J (n L - n YM ) (14) 

This action is purely topological, since all the reference to the metric has disappeared. It looks 
like a linear combination of two Chern-Simons gauge theories. There is no reason to distingush 
between the contributions any more, since as Witten and Home and Witten have argued 0, the 
sector of conformal gravity in (|T4"D, described by Ql, is equivalent on-shell to a Chern-Simons gauge 
theory on 5*0(3,2). Thus, one can think of the theory defined by ( |T4D as a Chern-Simons gauge 
theory defined on the group S0(3, 2) x G, where G is the low-energy Yang-Mills group. This theory 
then may be assumed to hold consistently in the unbroken phase of gravity, as pointed out in |J. 
Therefore, in this limit, topological gravity becomes merely a sector of a Chern-Simons gauge theory 
on a semi-simple Lie group, a factor of which is the 3D conformal group. 

In summary, it was shown that topologically massive gravity as well as a topologically massive 
gauge theory can arise from three-dimensional models containing 2-form fields with anomalous 
couplings to gravity and/or gauge fields. One such model, which was explicitly studied here, is the 
background field formulation of 3D string theory to the lowest non-trivial order in the inverse tension 
expansion. The inspection of the resulting model has focused on the roles played by the axion and 
dilaton fields. While the axion is directly responsible for the appearance of the topological mass 
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terms, the background value of the dilaton field plays role of the trigger for the manifest breaking 
of conformal invariance. It was argued that, to the lowest order in a', the strong coupling limit 
corresponds to the conformally invariant phase, where the theory can be understood as a Chern- 
Simons gauge theory on a semi-simple Lie group. There gravity becomes formally indistinguishable 
from the Yang-Mills fields, as it is just a sector of the gauge group. 

Acknowledgements 

The author would like to thank the Aspen Center for Physics, where a part of this research was 
carried out, for kind hospitality. Thanks are also due to B. Campbell for interesting discussions. 
This work has been supported in part by the Natural Science and Engineering Research Council of 
Canada. 



9 



References 

[1] E. Witten, Phys. Lett. B155 (1985) 151. 

[2] S. Deser, R. Jackiw and S. Templeton, Ann. Phys. 140 (1982) 372; Phys. Rev. Lett. 48 (1982) 
975. 

[3] S. Deser, R. Jackiw and G. t'Hooft, Ann. Phys. 152 (1984) 220; S. Deser and R. Jackiw, Ann. 
Phys. 153 (1984) 405. 

[4] N. Marcus and J.H. Schwarz, Nucl. Phys. B228 (1983) 145. 

[5] A. Achucarro and PK. Townsend, Phys. Lett. B180 (1986) 89; Phys. Lett. B229 (1989) 383. 

[6] E. Witten, Nucl. Phys. B311 (1988) 46; J.H. Home and E. Witten, Phys. Rev. Lett. 62 (1989) 
501. 

[7] E. Witten, Institute of Advanced Study preprint IASSNS-HEP-92-45/hep-th-9207094, July 
1993. 

[8] S. Carlip and LI. Kogan, Mod. Phys. Lett. A6 (1991) 171; Phys. Rev. Lett. 67 (1991) 3647. 

[9] S. Carlip, Nucl. Phys. B362 (1991) 111; Phys. Rev. D45 (1992) 3584. 
[10] LI. Kogan, Mod. Phys. Lett. A7 (1992) 2341; Nucl. Phys. B375 (1992) 362. 
[11] J.H. Home and G.T. Horowitz, Nucl. Phys. B368 (1992) 444. 

[12] M. Banados, C. Teitelboim, and J. Zanelli, Phys. Rev. Lett. 69 (1992) 1849; M. Banados, 
M. Henneaux, C. Teitelboim and J. Zanelli, Phys. Rev. D48 (1993) 1506. 



10 



[13] G.T. Horowitz and Dean L. Welch, Phys. Rev. Lett. 71 (1993) 328; N. Kaloper, Phys. Rev. 
D48 (1993) 2598. 

[14] D. Cangemi, M. Leblanc and R.B. Mann, MIT preprint MIT-CTP-2162/gr-qc-9211013, Nov. 
1992, to appear in Phys. Rev. D; A. Ali and A. Kumar, Mod. Phys. Lett. A8 (1993) 2045; 
A.R. Steif, Cambridge U. preprint DAMTP-R-93-20/gr-qc-9308032, Aug. 1993. 

[15] M. Ortiz, Ann. Phys. 200 (1990) 345; G. Clement, Class. Quant. Grav. 10 (1993) L49. 

[16] H. Nishino, Mod. Phys. Lett. A7 (1992) 1805; H. Nishino and S.J. Gates, Jr., Int. J. Mod. 
Phys. A8 (1993) 3371; Phys. Lett. B281 (1992) 72. 

[17] D. Gross and J. Sloan, Nucl. Phys. B291 (1987) 41. 

[18] M. Dine, R. Rohm, N. Seiberg and E. Witten, Phys. Lett. B156 (1985) 55. 
[19] S. Deser and Z. Yang, Mod. Phys. Lett. A4 (1989) 2123. 



11 



